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WEIGHTED NORM INEQUALITIES
FOR VILENKIN-FOURIER SERIES

WO-SANG YOUNG

Abstract. Let S„f be the nth partial sum of the Vilenkin-Fourier series of

f € L1 . For 1 < p < oo , we characterize all weight functions w such that

if / € IP{w), S„f converges to / in IP(w). We also determine all weight

functions w suchthat {S„} is uniformly of weak type (1,1) with respect to

1. Introduction

The Vilenkin-Fourier series is a generalization of the Walsh-Fourier series.
While the Walsh functions are characters of the countable direct product of

groups of order 2, the Vilenkin system consists of characters of G = F|°^0 ZPi,

a direct product of cyclic groups of order p¡, where p, is any integer > 2. In

this paper, there is no restriction on the orders {/>,} .

Let p be the Haar measure on G normalized by piG) = 1. We identify

G with the unit interval (0, 1) in the following manner. Let «io = 1, mk =

n,=o Pi' k - 1.2,.... We associate with each {x¡) £ G, 0 < x¡ < p¡, the

point Y,™0Xjm~¿x £ (0, 1). If we disregard the countable set of ^,-rationals,

this mapping is one-one, onto and measure-preserving.

The characters of G axe the finite products of an orthonormal system {<pk}

of functions on G, defined by 4>k(x) — exp(2nixk/pk), x = {xk} £ G, k =
0, 1, ... . To enumerate the finite products of {tpk} , we write each nonnegative

integer « as a finite sum, « = YlT=oakmk , with 0 < ak < pk, and define

Xn = nitLo ßk • ^ne functions {xn} are the characters of G, and they form a
complete orthonormal system on G.

For /el1, let

. n — X

Snfix)= / f(t)Yxj(x-t)dp(t), «=1,2,...,
Jg j=0

be the «th partial sum of the Vilenkin-Fourier series of /. In [10], we showed

that for / £ Lp , 1 < p < oo,

lim [ \S„fi-fi\pdp = 0.
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In this paper, we identify, for 1 < p < oo, all weight functions w such that

for any / £ Lp(w), we have f £ Lx and

lim [ \Snf-f\pwdp = 0.
n-*ooJG

(Here Lp(w) denotes the space of measurable functions on G suchthat ||/||Pu,

= (JG\fi\pwdp)x/p<œ.)
In order to characterize these weight functions, we use the following notation.

Let {Gk} be the sequence of subgroups of G defined by

k—X oo

G0 = G,        Gk = Y[{0}xl[ZPi,        k=l,2,....
1=0 i=k

On the interval (0, 1), cosets of Gk axe intervals of the form (jm^x,

(j + l)m^x), j = 0, 1, ... , mk - 1 . For k = 0, 1, ... , ; = I, ... ,pk,

let fik be the set in Gk that corresponds to the interval (0, jm^x). The col-

lection of all translates of Ijk in G, for all j = 1, ... , pk , k = 0, I, ... , is
denoted by J? . In other words, a set / belongs to J? if

(i) for some x £ G, k = 0, 1, ... , I c x + Gk ,
(ii) / is a union of cosets of Gk+x, and
(iii) if we consider x + Gk as a circle, / is an interval.

We shall call the sets in J^ generalized intervals.

We say that w is a weight function on G if to is measurable and 0 <

w(x) < oc . We shall exclude the trivial cases w = 0 a.e. and w = oo a.e.

Our main results are as follows:

Theorem 1.1. Let w be a weight junction on G and 1 < p < oo. The following

statements are equivalent:

(i) w satisfies the AP(G) condition: there is a constant C such that for every

l£j" ,

<'•■>       {ml-^imlr1""1'"")'"^-
(ii) There is a constant C, depending only on w and p, such that for every

f £ Lp(w), we have fi £ Lx and

(1.2) / \Snf\pwdp<C [ \fi\pwdp,        « = 1,2,....
Jg Jg

(iii) For every fi £ LP(w), we have f £ Lx and

(1.3) lim  f \Snfi-fi\pwdp = 0.

For the case where the orders of cyclic groups are bounded, i.e., sup, p, < oo,

J. Gosselin [5] defined the Ap condition, 1 < p < oo, as the one where (1.1)

holds for all / that are cosets of Gk , k = 0, 1, ... . For this case, our APiG)

condition and his Ap condition are equivalent. This can be seen as follows.

Suppose w satisfies the Ap condition in [5], and / 6 y. Then, for some

x £ G, k = 0,1, ... , I c x + Gk , and / is a union of cosets of Gk+i . It



follows that p(I) > p(Gk+x) = pk p(Gk). Hence

iz"d"){w)irll{"X)d"
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1

Pil)

sf(rôLk"*,)(sbL--^,,*,r
< C,     if supp, < oo.

i

For the bounded order case, the implication (i) =>• (ii) in Theorem 1.1 is a

consequence of the result in [5]. For another proof, see [8].

We also have the following theorem for functions in Lx(w).

Theorem 1.2. Let w be a weight function on G. The following statements are

equivalent:
(i) w satisfies the Ax(G) condition: there is a constant C such that for every

I e/,

\IA) —^-wdp^Cessinfw,
Ji I

1

where essinf/w = inf{i > 0: p{x £ I : w(x) < t} > 0} .

(ii) There is a constant C, depending only on w, such that for every f £

Lx (w), we have fi £ Lx and

(1.5) / wdp<Cy~x [ \fi\wdp,       n = 1, 2, ... , y > 0.
J{\s„f\>y] Jg

Our proofs of Theorems 1.1 and 1.2 consist of adapting the methods of Hunt,

Muckenhoupt, and Wheeden [6] and Cordoba and Fefferman [2] to Vilenkin-

Fourier series. We recall some properties of Vilenkin-Fourier series. Let S*f =

XnSn(fXn) be the «th modified partial sum, « = 1,2,.... It is shown in [8]
that if « = YlT=o akmk , 0 < ak < pk , then

oo

(1.6) S*/=$Xmt/
fc=0

and

fi(t)<p-ka«(x-t)\
\ 7=0

(1.7)   S^f{x) = pfhf)jx+G /w^r^-o(E^^-o) dp(t).

(If ak = 0, we interpret the sum on the right as zero.) S*kmkf can be expressed

in terms of certain conjugate functions of / and f<pf , which are defined as

follows. For fi £ Lx and x = {xk} £ G, let the kth conjugate function of /

be

(1.8) Hkf(x) = l--¿- [ f(t)cot(n(xk-tk)/pk)dp(t),
¿H\±rk) J(x+Gk)n{xk¿tk}
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k = 0,1, ... . Then

s^J{x) = -^i At) dp.it)

1   -akl    >       1 Ï / fiit)cj>akk(t)dpit)
Jtx+Gíintxí^ul(1.9) 2        '    MG*) Aj+Ctjnta**}

-\-uTc-\l At)dp(t)
¿P{<Jk) J(x+Gk)n{xk*tk}

+ i<j>la*(x)Hk(fi<pa¿)(x)-iHkfi(x).

To estimate 5"*/, we have to deal simultaneously with the conjugate func-

tions of / and /0£*, k = 0, 1, ... . In order to do this, we make the following

changes in the proofs of [6 and 2]. In the proof of the weak type (1,1) re-

sult, we modify the function b(t) in the Calderón-Zygmund decomposition to

satisfy both ¡¡bdp = 0 and ¡¡ b(paf dp = 0, where ak depends on / and
« . This modification of the Calderón-Zygmund decomposition was introduced

in [10]. In the proof of the strong type (p, p) result, the sharp function is

modified as follows: the mean value of / over / is replaced by a function

fii.n = A+B<pZak (ak depending on / and n) that satisfies ¡{if-fi,n)dp = 0

and Jjif- fi n)<pakk dp = 0. These modified sharp functions will be discussed

in §3.
Section 2 contains some properties of AP(G). We also show that the AP(G)

condition is necessary and sufficient for trie Lp(w )-boundedness of a Hardy-

Littlewood type maximal function that is appropriate for the study of Vilenkin-

Fourier series.

In §3 we introduce the modified sharp functions. We obtain estimates for the

modified sharp function of S*f in terms of the maximal function of /. We

also prove weighted norm inequalities relating the maximal function and sharp
functions.

The results in §§2 and 3 will be used in the proof of (i) =>• (ii) of Theorem

1.1. This implication together with the implications (ii) => (i)and (ii) o (iii)

are proved in §4.

Theorem 1.2 is proved in §5, with the implication (i) => (ii) based on a

modified Calderón-Zygmund decomposition lemma and Theorem 1.1.

In what follows, C will denote an absolute constant which may vary from

line to line.

2. The condition Ap(G) and the Hardy-Littlewood maximal function

The following notation will be used throughout this paper. We decompose

the collection S of generalized intervals into disjoint subcollections in the

following manner. Let JLi = {G} . For k = 0, 1, ... , let J% be the collection
of all I £ y such that / is a proper subset of a coset of Gk , and is a union

of cosets of Gk+x ■ The collections Sk are disjoint, and S = UfcL-i ̂ k ■

For / £ J", we define the set 3/ e S as follows. If / = G, let 3/ = G.
For I £Jk, k = 0, 1, ... , there is x £ G such that / c x + Gk . If p(I) >
p(Gk)/3 , let 3/ = x + Gk . If p(I) < p(Gk)/3 , consider x + Gk as a circle.
Then / is an interval in this circle. Define 3/ £ J^ to be the interval in this

circle which contains / at its center and has measure pi3I) = 3p(I). In all

cases, for / 6 J2", p(3I) < 3p(I).
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The properties of weights in AP(G) axe analogous to the properties of those

that satisfy Muckenhoupt's Ap condition. (See [1 and 4].)

If w £ APiG), 1 < p < oo, then w and w~x^p~x^ £ Lx . Hence 0 < w < oo

a.e. and Lpiw) c Lx . Similarly, if w £ AxiG), then w £ Lx and essinfGw >
0. Hence 0 < w < oc a.e. and Lx(w) c Lx .

If w £ ApiG), 1 < p < oo , then Holder's inequality implies that there is a

constant C such that for any /€/,

(2.1) /  wdp < C f wdp.
Jyi Ji

A basic property of APiG) weights is the reverse Holder inequality.

Lemma 2.1. Let w £ APiG), 1 < p < oo. Then there exist s > 1 and a

constant C such that for any I £.? ,

(jklw'dß)'"-W)iwd>'-
The following two lemmas are consequences of the reverse Holder inequality.

Lemma 2.2. Suppose w £ APiG), 1 < p < oo. Then there is 1 < q < p such

that w £ AqiG).

We also observe that if w £ APiG), 1 < p < oo, then w £ AqiG), p < q <
00 .

Lemma 2.3. Suppose w £ APiG), 1 < p < oo. Given any e > 0, there is S > 0

such that for any I £ S, and any measurable Eel with piE) < Spil), we
have JEwdp<EjjWdp.

The proofs of Lemmas 2.1-2.3 are similar to those given in [1]. (See also

[4].)
We now define the Hardy-Littlewood maximal function that is appropriate

for the study of Vilenkin-Fourier series. For / £ Lx , let

Mf(x) = sup -L [\f\dp.
x€l   ßi1) Jl

This maximal function was first introduced by P. Simon in [9]. He also showed

that the maximal operator is bounded in Lp , 1 < p < oo, and is of weak type

(1, 1). Using the above properties of APiG) weights, we obtain the following

analogue of Muckenhoupt's theorem [7].

Theorem 2.4. Let w be a weight function on G. For 1 < p < oo, the following

two statements are equivalent:

(i) w £ ApiG).
(ii) There is a constant C, depending only on w and p, such that for every

fi £ Lp(w), we have f £ Lx and

[ iMf)pwdp<C f \fi\pwdp.
Jg Jg

The following two statements are also equivalent:
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(iii) weAiiG).
(iv) There is a constant C, depending only on w, such that for every fi £

Lx(w), we have fi £ Lx and

[ wdp<Cy~x j \fi\wdp,       y>0.
J{Mf>y} JG

Proof. The proof of this theorem follows the same lines as those in Mucken-

houpt [7] and Coifman and Fefferman [1]. (See also [4].) We shall only discuss

one modification which involves the generalized intervals.

To prove that the APiG) condition is sufficient, suppose  1 < p < oo and

w £ APiG). It is enough to prove the weak type inequality

(2.2) f wdp<Cy-p [ \fi\pwdp,y>0,       feLp(w).
J{Mf>X0y} Jg

The strong type inequality for 1 < p < oc then follows from Lemma 2.2 and

the Marcinkiewicz interpolation theorem.

To prove (2.2), we can assume that y > ||/||i .   (If y < ||/||i, Holder's

inequality and the AP(G) condition imply

[ wdp<y-p\\f\\p [ wdp<Cy-p [ \fi\pwdp.)
Jg Jg Jg

Apply the decomposition in [10], Lemma 2 to the function / and the value y

to obtain a sequence of disjoint generalized intervals {fi} such that

(2.3) y<*J\f\dp<3y,        , = 1,2,...,

and

(2.4) |/W|<y   for a.e. x t\Jlj.
j

We shall show that

(2.5) {M/>10y}clJ(3/;).
j

Suppose x £ \Jj(3Ij). Let / e/ such that x £ I. Then

¡\fi\dp=j \fi\dp+ [ \fi\dp
Ji JmiUjtj) Ji^c(\Jfi)

<W     \f\dp + yp(I),

by (2.4). To estimate the second last term, suppose 7 n fi f 0 . From this and

the fact that 7nc(3//) ^ 0 (since it contains x), we have /; c 37. (If I¡ and

/ belong to distinct J¿'s, then, since they are not disjoint, one is a subset of

the other. From this it follows that fi■ c / C 3/. If /; and / belong to the
same Sk , then they belong to the same coset of Gk , and we obtain fi c 3/

from a geometric observation.) Hence, by (2.3),

W  \f\dp< y, I \f\dp< Y^m
j   JlnlJ I,C3IJlJ IjCV

h)
3/

< 3ypi3I) < 9ypil).
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Therefore, for all such 7, J; |/| dp < lOyp(I), and we have {Aff > 10y} C

U/3/,).
The rest of the proof of (2.2) then follows as in the above references, using

(2.1), (2.3) and the AP(G) condition. This concludes the proof of Theorem
2.4.

3. The sharp functions

In this section, we introduce a sequence of sharp functions {/f}, which will

be used to prove (i) => (ii) of Theorem 1.1. Our sharp functions are modi-

fications of that in Fefferman and Stein [3]. Before we define these modified

sharp functions, we first introduce the functions //„ which take the place of

the mean value of / over / in the original sharp function.

Let « be a nonnegative integer expressed in the form « = Yl'k'=oakmk >

0 < ak < pk. For I £ J? and / £ Lx , define fi>n as follows. If / = G,

let fi,n = ¡G fi dp. For I £ J^ , k = 0, 1, ... , let fi<n be a function of the

form fii,„(x) = a¡,n(fi) + b¡¡n(f)</>kak(x), where aI<n(f) and br,„(f) axe

constants, such that

(3.1) Jfdp = jfi,„dp

and

(3.2) jftt>akkdp = Jfi,,n(f>akkdp.

If / is not a coset of Gk+[ , and if ak ¿ 0, then \ipil))~x J¡ <pf dp\ f 1, and
the choice for «/,„(/) and b¡t„(f) is unique. (See [10, pp. 315-316].) If /

is a coset of Gk+X , or if ak = 0, then (t>kak(x) is a constant in /. In this case,

we define aIt„(f) = ipil))~x J¡fdp, and bI<n(f) = 0. For « = 0, 1, ... ,
fi £ Lx, define the «th sharp function as

fH(x) = sup -TJT    \f-fi,„\dp.
xei  ß\l) Ji
íes

The functions fi t „ and fi* have the following properties.

Lemma 3.1. There is a constant C such that for any fi £ Lx, I £ J?, n =

0, 1, ... , we have

\fl,n(x)\<-^-jj\fi\dß, X£l.

Proof. The proof is the same as that for (25) in [10]. See [10, pp. 315-316].

In the following, we shall set a_i = 0 for the sake of convenience.

Lemma 3.2. There is a constant C such that for any constants A and B, we

have

(3.3) J\fi-fij,n\dp<cJ\f-A-B4>-kak\dp,
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for all fi £ Lx, n = zZkLo ak^tk, 0 < ak < pk , and I eJk, k = -1,0,1, ... .

Proof. We observe that if / is a coset of Gk , k = 0, 1, ... , or if 7 £ JFk ,
k = 0, I, ... and ak = 0, then <pfak(x) is constant in 7. In these cases, we

may assume 5 = 0. (3.3) holds with C = 2 since 7/,n = (p(I))~x J{ fi dp .

Now, suppose I £^k, k = 0,1, ... , I is not a coset of Gk+x , and ak ± 0.
Then

j\fi-fii,n\dp< j\fi-A-Bcf>-kak\dp

+ j\(aI,n(f)-A) + (bI,n(fi)-B)iP:ak\dp.

By (3.1) and (3.2),

j(f-A-B<pkZak)dp = j{(aI¡nif)-¿) + (bi,n(f)-B)<p-ak}dp

and

j if-A- B<p-kak)dp = j{(aI<n(f) -A) + (b,M) - B)rkakWkk dp.

Therefore, by the uniqueness of the coefficients, we have

(f-A- B<t>-kak)i,n = (aiM) -A) + (bItn(f) - B)<p-kak.

It then follows from Lemma 3.1 that

j,n(fi)-A) + (bI,n(f)-B)<t>~kak\dp

- JU-A-B<j>-kak),^\dp

<C j\f-A-B<Plak\dp.

This proves Lemma 3.2.

For / £ U ,  1 < r < oo , let

l/r

/'

We have the following pointwise estimate concerning the «th sharp function of

the «th modified partial sum S*f.

Theorem 3.3. Let 1 < r < oo. There is a constant C, depending only on r,

such that for any fi £ LZ, « = 1,2,...,

(Slft(x)<CMrf(x),       x£G.

Proof. Let x £ G, and « = Yl'kLo ak^k , 0 <ak <pk. From Lemma 3.2, it is
sufficient to show that for any /€J^,A: = —1,0, 1,..., with x £ I, there

exist constants A and B (depending on /, « and /) suchthat
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(3.4) J- j\S*f - A - B<t>-kak| dp < CMrfiix),

where C depends only on r.

Suppose / £ J?k, fc = -l,0, 1,..., with x £ I. Let fi = fix + f2, where
fi = fiXu ■ Then S*f = S*nfi + S*fi ■ By Theorem 1* of [10], we have

X       r /    1        /• \ l/r /    ,        r \ 1A

/ismi* < (¡¿j/eKJir*)" < c (¡i /oi/,r*

íC(¡¿7jIl/l''"')"'SCM'/w-

For I = G, f¿ = 0, and (3.4) follows with ^4 = 5 = 0. From now on, we can

assume k > 0.
To estimate 5*/2, let c be a fixed point in /, and y £ I. By (1.6) we have

oo

s;f2(y) - s*nfi2ic) = $>;w;/2(y) - s:imiMc)}.
1=0

Expand each term on the right according to (1.7). For I > k + I, y + G¡ and
c + G¡ axe subsets of /. Therefore fi vanishes in these cosets. For 0 < I < k,

y + G¡ = c + G¡. Hence

s:fi(y)-s;fi2(c)

=£^LÄT°,('-ng^
-0p'(c-o(Q¿W(c-f)) \ dp.it).

Now, for any t £ G, y - t and c - t belong to the same coset of G¡, for any

0 < I < k . Since 0/ is constant on each coset of C?/+1 , / = 0, 1, ... , we have
0/(v -t) = 0/(c - t), 0 < I <k - 1 . Therefore all integrals on the right vanish

except for the term with / = k . We thus have

(3.6) S;f2(y) - S;f2(c) = S:kmJ2(y) - S*kinkf2(c).

The constants A and B axe defined in terms of the conjugate functions (see

(1.8)). Let A = S*nf2(c) - itt>kak(c)Hk(fi2(pakk)(c) and B = iHkifi2tpakk)ic). For

y £ I, it follows from (3.6) that

(3.7)
S*nf2iy) -A- B<t>kakiy) = S*QkmJ2iy) - S^fiic)

+ i<t>-kak(c)Hk(f2<pakk)(c) - icf>kak(y)Hk(f2<pakk)(c).
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Using (1.9), we express the right side as a sum of the following terms:

Ex =
ak I

J(v+Gk)nt
fiit) d p(t)

P(Gk) J(y+Gk)n{yk=tk}'

-■¡nhf fiWdnit),
fJ-i^k) J(c+Gk)n{ck=tk}

f f2it)4>akk(t)dpit)
J(y+Gk)n{yklttk}E> = 2^y\(Gk)

(3.8)
1     1

/2 p(Gk) J{y+Gk)n{yk¿tk}
hit) d p(t)

+

1
2

1     1

<t>kak(c)

P(Gk
I

J(c+Gk)n{ckjitk}

fiit)<pakk(t)dpit)

sJ(c+Gk)n{ck¿tk}

Â(t)dpit),
2p(Gk)

E3 = i4>kak(y){Hkifi2cßakk)iy) - Hk(Makk)(c)},

E4 = -i{Hkf2(y) - Hkf2(c)}.

We shall show that Ex = 0, and each of 1^1 > I £31 and I £41 is dominated by
CAffix), and hence by CMrfix). (3.4) will then follow from (3.5), (3.7),
(3.8) and these estimates.

Since 72 vanishes in /, and hence in (y + Gk) n {yk = tk} and (c + Gk) n

{Ck — tk) > we have Ex = 0.

Next, the absolute value of each of the terms in E2 is bounded by

(2p(Gk))-x f      \fi\dp.
Jx+Gk

Therefore \E2\ <2Mf(x).
To estimate £3, we observe that for y e /,

Hk(f2<l>akk)(y) = i-T^T / fiit)tpakkit)cotiniyk-tk)/pk)dpit),
¿ PC^k) J{x+Gk)n<:(31)

since fi2 = 0 in 3/ and (y + Gk) n {yk f tk) D (x + Gk) n c(3/). A similar
expression holds for 7/i.(/20^)(c). Hence

m = \Hk(f2p¿)(y)-Hk(fi2<l>f)(c)\

'n(yk-tkf
(3.9)

1     1 I2 p(Gk) J(x+Gk)nc{31)
1/(01cot

fn(yk-tk)\

cot
nJCk - tk)

Pk
dpit).

Let V+XI = 3(3>7), ; = 1,2,.... If 31 ¿ x + Gk , write (x + Gk) n c(3/) =

U£i!(* + Gfc) n (3>+'/\3>/), where / = min{; >l:VI = x + Gk]. Now, for

1 < j < J - 1 and ¡ e (x + Gk) n (3-'+17\3-'7),

Pa P*

sin
*(?* - ck) {™{n%k~tk))™(n(c7ktk))}

Pk      J I    l      V      Pk      J      \     Pk

< CpiI)piGk)/ipiV-xI))2 < C3-JpiGk)/piV+xI).
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Substituting these into (3.9), we obtain

j-x

< C ]T 3"JM/(x) < CMfi(x).
7 = 1

The same argument shows that |7s4| < CAff(x). This completes the proof

of Theorem 3.3.

We have the following weighted norm inequality relating the maximal func-

tion and the sharp functions.

Theorem 3.4. Let 1 < p < oo, w £ AP(G). There is a constant C, depending

only on p and w, such that for any fi £ Lp(w), « = 0,1,...,

(3.10) ¡(Mfi)pwdp<C f(fî)pwdp + c((\f\dft]   ¡wdp.
Jg Jg \Jg J   Jg

Proof. Let f £ Lp(w).  We observe that w £ AP(G) implies that / £ Lx .
Let y0 = ||/||i and « be a nonnegative integer. For any y > yo, apply the

decomposition in [10, Lemma 2] to the function / and the value y to obtain

a sequence of disjoint generalized intervals {Ij}j>x such that

(3.11) y<-^F)j¡\fi\dp<3y,        7 = 1,2,...,

and
|/(x)|<y   for a.e. x i \Jlj.

7

From Lemma 3.1, there is a constant A > 1, independent of /, such that

for any I £J^ , n = 0, 1, ... ,

(3.12) \fln{x)\<-iLjy\dß,       xeI.

Since y < 4^4y , the above decomposition applied to / and the value 4^4y gives

a sequence of disjoint generalized intervals {/;>}, j>\ such that \J¡I¡j c fi,

7=1,2,...,

(3.13) 4Ay<~\- [ \f\dp<l2Ay,        i,j = 1,2,...,
P(Jij) Ji,j

and

\f(x)\<4Ay   fora.e. x i lJ/<;.
i,j

Let ô > 0 be a constant whose value is to be chosen later. For each fi , there

are two possibilities.

Case 1.  Ij<z{f*> S Ay} . Then

S2      wdp < wdp.
Y J'u J{f!>SAy}mj
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Case 2.  I¡ <£ {f* > ôAy). Then

mLy-f-M"-My-
Hence

(3.14) ÔAyp(Ij)>Y,U \f\*H-jt \ff.n\dp\ .

By (3.13), we have

/ \fi\dp>4Ayp(Iij).
J'.j

Also, from (3.12) and (3.11), we have, for x £ 7,-y c fi ,

\fijn(x)\<A(p(Ij))-x [ \f\dp<3Ay.
Jij

Hence

/   \fi],n\dp<3Ayp(Il}).

Substituting these estimates into (3.14), we obtain

P\\jlij\<ôp(lj).

For e > 0 to be chosen later, let 6 be the value that associates with e in

Lemma 2.3. Then

y^ /  wdp <e     wdp.

Summing over all fi in Cases 1 and 2, we obtain

y^ I   w dp < wdp + E wdp.
,,Jiu hn>àAy\ J\\.lti,) "" {tf>SAy} JlJ.f

Now, from (2.5), we have {Mfi > 40Ay} c \Ji j(3Iu).   Hence, by (2.1),

there is a constant B such that

/ wdp < /?y] ¡  wdp.
J{Mf>40Ay] ¡j JU,

Also, U; fi c {Mfi > y) ■ Therefore, for y > y0 , we have

/ wdp < B wdp + Be wdp.
J{Mf>40Ay} J{f!>SAy} J{Mf>y}

Multiply both sides of the above inequality by pyp~x and integrate over y £

[yo, oo ). We obtain

poo

p       yp ' / wdpdy
Jy0   ' J{Mf>40Ay}

<B(SA)-p [ (f%)pwdp + BE I (Afffwdp.
Jg Jg
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Also,

p I   yp~x / wdpdy < (     \f\dp)       wdp.
JO J{Mf>40Ay} \JG /    JG

Therefore, we have

i(Aff)pwdp<B(40/ô)p f(fZ)pwdp
Jg Jg

+ Be(40A)p [ (Aff)pwdp
Jg

+ (40A)pU \f\dp\  j wdp.

Since / £ Lp(w) and w £ AP(G), we have Aff £ Lp(w), by Theorem 2.4.
Choosing e = (2B)~X(40A)~P , we obtain (3.10). This completes the proof of
Theorem 3.4.

4. Proof of Theorem 1.1

We shall prove Theorem 1.1 by showing (i) <£> (ii) •«■ (hi).

Proof of (i) => (ii). Suppose w £ ApiG). We have Lp(w) c Lx . It is sufficient

to prove (1.2) with S„ replaced by S*. Let / e Lp(w). We observe that

S*f £ Lp(w), since for x £ G,

\S;fiix)\<njG\fi\dp<n^jG\fi\pwdp^  " ^w-^-^dp^j

by Holder's inequality. Therefore, using the APiG) condition, we have

/ |5*/ \pw dp < Cnp f |/ \pw dp < oo.
Jg Jg

We now apply Theorem 3.4 to the function S*f to get

[\S*nf\pwdp< fiAfiS*J))pwdp
Jg Jg

<c JGiis*nf)*n)pwdp + c^jG\s;f\dp^P j^wdp.

Since w £ ApiG), Lemma 2.2 shows there is 1 < r < p such that w £

ApiriG). Hence |/|r £ Lp'riw) c Lx , and it follows from Theorem 3.3 and

Theorem 2.4 that

(4.1) JG

fiiS;f)*)pwdp < C ¡(MrfYwdp.
(4.2)

= C [ iAf\f\r)p/rwdp <C f \f\pwdp.
Jg Jg

Also, by Theorem 1* of [10],

JG\s*nfi\dp<^lG\s;fi\rdp^j '<c(jG\fi\rdp^ '
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Therefore, Holder's inequality gives

(J \SCf\dtX J wdn

(4-3) <c(f\f\pwdp\([w-x«p'r-xUp) (fwdp\

<C f \f\pwdp,
Jg

since w £ Ap/riG). Substituting (4.2) and (4.3) into (4.1), we obtain

[ \S*J\pwdp<C f \f\pwdp.
Jg Jg

This completes the proof of (i) => (ii).

Proof of (ii) =>• (i). Suppose w satisfies (ii). As a consequence of Lp(w) c Lx ,

we have wj-'/íp-i) <= jf . (Otherwise, w~xlp $. LP', where 1/p + 1/p' = 1.

Hence there exists g £ Lp such that gw~xlp <£ Lx , contradicting gw~x/p £

Lp(w).) Therefore \\w-l/^-l%tW = \\w-ll^-^\\i < oo .

To prove (1.1) for / = G, let f = ui-VCp-D. Then, for xe G, Sif(x) =
WfWx = ||tü_1^-1'||i > 0, otherwise we have w = oo a.e. Hence, for every

0 < y < ||/||i , it follows from (1.2) that

i wdp= [ wdp< Cy~p / |/ \pw dp.
Jg J{Sif>y} Jg

(4.4) Jwdp<c(j fdp)     J\f\pwdu,

Thus

and hence

(f wdp) (f w-x'(p-Vdp\       <C

Next, consider l£jrk,k = 0,l,.... We can assume f¡ w~x^p~x] dp > 0,

or else there is nothing to prove. First let us assume p(I) < p(Gk)/2. Take

ak = [p(Gk)/(2p(I))], where [a] is the largest integer less than or equal to a.

We have ak > 1 . Let / = w~x/P~x^xi ■ From (1.7), we have, for x £ G,

SakmJ(x) = -L^JAt) ( ¿ <f>i(x-t) J   dp(t)

=       1 f f(t)è(ak-X)l2(x - t)Ún(nak(Xk - tk)/Pk) d   ()
ßiGk)hm*k {       t]  sin(n(xk-tk)/pk)   äß{th

Hence

0"K-1)/2(x)^Wt(/0^-1)/2)(x)

1       f f( .sin(7tak(xk - tk)/pk)
- p(Gk)J,ni) sm(n(xk-tk)/pk)   a/i{l)-

Since for x, t £ I,

sin(nak(xk - tk)/pk) > 2o¿ > p(Gk)

sin(7t(x^ - tk)/pk) ii       2np(I)
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we have, for x £ I,

0-(Q-1)/WwMQ*~l)/2)w ^2^pjf)lmdß{t)-

Therefore, for any 0 < y < (2np(I))~x /, fidp,

-(a*-l)/2c ff,(ak-X)/2

Thus, by (1.2),

/c{0-^"'vX^(/0r -'"l>y}.

wdp < _ wdp
Ji J{\sakmk(f<t>{kk~')/2)\>y}

<Cy~p f \ftf)kak-{)l2\»wdp
Jg

= Cy-p j\f\pwdp.

It follows that

(4.5) j w dp < C(2np(I))p Qf fidp^j  " J |/\pw dp,

and hence

lwdp\(jw-x^p-xUp\      <C(p(I)f.

We have thus proved (1.1) for I = G, and for / € Sk , k = 0, 1, ... , with
/"(f) < P(Gf)/2. In particular, since fox k= 1,2, ... , every coset of Gk is in

J%_x and piGk) < p(Gk_\)/2, (1.1) holds for all cosets of Gk , k = 0, I, ... .
For the case 7 £ J¿ > k —0,1, ... , p(I) > piGk)/2, assume I c x + Gk ,

x £ G. Then

(fwdp\ (iw-x^p-x)dp\

<([     wdp] ([     w-x«p-Vdp)
\Jx+Gk J   \Jx+Gk /

<C(p(Gk))p<C2p(p(I))p.

This completes the proof of (ii) => (i).

Before we prove (ii) <^> (iii), we introduce the following notation. For k =

0, 1, ... , let S^ be the a-algebra generated by the cosets of Gk . We also say

that a function / belongs to 5Fk , or / e ZFk , if / is measurable with respect

to ^.

Proof of (ii) => (iii). Let / £ Lp(w). Since (ii) => (i), we have w £ Lx .

Therefore, given e > 0, there is g £ Z% for some k = 0,1,... , such that

11/ - g\\p,w < e • Now, for n>mk, S„g = g . Hence, for all such « ,

\\Snf-fi\\p,u, < \\S„(f-g)\\p,w + \\Sng - g\\p,w + \\g - /H,,«,

<C\\f-g\\p>w<Ce,

by (1.2). This proves (1.3).



288 WO-SANG YOUNG

Proof of (iii) => (ii). We first show that w £ Lx . Let f £ Lp(w) such that / £

i^¿ for all k = 0, 1, ... . (f can be obtained as follows. If w £ Z^k for any

k = 0,1, ... , take / = w~xlp . Otherwise w e ZFk for some k = 0, 1, ... .
Since w ^ oo a.e., there is a coset / of Gk such that w(x) = c < oo for

x £ I. Let / be any function not in ZFk for all k = 0, 1 ,...,/ = 0 outside

/ and ||/||p < oo.)   For this /, /(«) = JGfx„dp # 0 for infinitely many

«. But |/(«)||NI||/i' = ||/(«)^||P,)J, = ||5„+1/-5n/||p,u,-0 as « ^ cx> by

(1.3). This shows w £ Lx .

From the proof of (ii) => (i), we know that w satisfies Lp(w) c Lx implies

that io_|/(/>-i) £ Lx . Therefore, for any « > 1 , S„ is a bounded operator from

LP(w) into itself, with norm not exceeding «||u;||, ||u;-,/(p-1)||1-1 . Since,

by (1.3), sxix)n\\Snf\\p,w < oo for every / £ Lp(w), (1.2) follows from the

uniform boundedness principle. The proof of Theorem 1.1 is now complete.

5. Proof of Theorem 1.2

We shall prove the weak type (1,1) result using Theorem 1.1 and the mod-

ified Calderón-Zygmund decomposition lemma obtained in [10].

Proof of (i) =>■ (ii). Suppose w £ AxiG). We have Lxiw) c Lx. It is sufficient

to prove (1.5) with Sn replaced by S*. Let / £ Lxiw). If y < ||/||i, then the

AxiG) condition gives

/ wdp< ( [ wdp]y-x [ \f\dp<Cy-x Í \fi\wdp.
J{\s;f\>y} \Jg        /       Jg Jg

Therefore we can restrict ourselves to y > ||/||i .

Let « = Y,T=oakmk > 0 < ak < pk. From Lemma 2 of [10], we obtain a
sequence of disjoint generalized intervals {/,} such that

(5.1) y<-±-)J¡\fi\dp<3y,        j=l,2,...,

and

(5.2) |/(*)|<y   foxa.e. x i\Jlj = n.
j

Moreover, there is a decomposition of / = g + b, with g, b £ Lx, such that

(5.3) g(x) = f(x)   forx^Q,

(5.4) \g{x)\<-C-J \f\dp,        xeij, 7 = 1,2,...,

(5.5) [ bdp = 0,        7=1,2,...,
Jf

and

(5.6) \b<pakkdp = 0   foxallIj£jrk, k = 0,l,... .
Jij

(The constant C in (5.4) is independent of / and y .)
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Since

/ w dp < I wdp + wdp,
J{\Sif\>y} J{\s;g\>y/2} J{\s;b\>y/2]

we shall show that each term on the right is bounded by Cy~x\\fi\\x,w ■

Because g £ L°° c L2(w) and w £ A\(G) C A2(G), it follows from Theo-
rem 1.1 that

/ wdp< 4y~2 ( \S*g\2w dp < Cy~2 f \g\2w dp
J{\s-„g\>y/2} Jg Jg

(5-7) /, . \
= Cy 2     /   |g|2u;dp+ ^2     \s\2wdp    .

By (5.3) and (5.2),

/  \g\2wdp<y /  \fi\wdp.
Jca Jca

Also, by (5.4), (5.1) and the A{(G) condition,

IWW, < (^/\f\dfj (/^) < Cyjh l/|W„.

Substituting these estimates into (5.7), we obtain

/ wdp< Cy~x / \fi\wdp.
J{\s;g\>y/2} Jg

To estimate S*b, let Q* = \Jj(^fi) ■ From (2.1), (5.1) and the AX(G) con-

dition, we have

/   wdp < cy^l wdp

scE(/o-*)(r'j^/4i/i*)

^C^_1E / \fi\wdp<Cy~x f \fi\wdp.
j Jij Jg

Hence, it is sufficient to show that

(5.8) / wdp<Cy~x j \fi\wdp.
J{x<f:Q' :\S'„b(x)\>y/2} Jg

To do this, we expand S*b as in (1.6) and (1.9). For x £ £2*, it follows
from (5.3), (5.5) and (5.6) that the first three terms in (1.9) vanish. (See the

explanation in [10, pp. 317-318].) Therefore, for x ^ f2*, we have

oo

S*Hb(x) = iYJ{'t>rk(x)Hk(b<t>akk)(x)-Hkb(x)}.

fe=0

(5.8) will be proved if we can show

(5.9) ¿/   \Hk(b<pakk)\wdp<C ¡ \f\wdp,
k=oJc*' Jg



290

and

(5.10)
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¿/   \Hkb\wdp<C I \fi\wdp.
/,_n Jen* Jgk=0JCn'

Suppose x £ fT. It follows from (1.8), (5.3), (5.5) and (5.6) that

Hkib<t>akk)ix) = -
1      1

2piGk)
£    / bitWfit)

IjCx+Gk JlJ

IjESk

n(Xk - tj)

J Pk
x<cotl'^^| dp(t),

where V = {tJk}k>o is any fixed point in I¡. (See [10, p. 318].) Let / be any
coset of Gk . Fubini's theorem gives

/ \Hk(btj>aff)(x)\w(x)dp.(x) < \-^r   £    [  \Ht)\
7/n<í2* ¿ ß\l)  f£j Jlj

f cot (ñíftzfcA
JltviUA \       Pk        )

cot | ^^2'|-cot

Jj€Sk

'xjxk-t}k)

Pk
w(x) dpix) dpit).

From the proof of Theorem 3.3 (see the estimate of l^l below (3.9)), we

have, for any t £ I¡, fiel, I¡ £J?k,

1

m jJln<irvWj)
cotl^^lcot^

Pk Pk
wix)dpix) < CAfwit).

Moreover, the last term does not exceed Cwit) for a.e. t £ fi , by the AxiG)

condition. Therefore

(5.11) /       \Hkib<p\k)\wdp<C  £   f \b\wdp.
JlCYÇl* IjCI    Jlj

IjtJk

Writing b = fi - g, using (5.4) and the Ax(G) condition again, we get

<C f \fi\wdp.

Substituting this into (5.11), and summing over all cosets 7 of Gk , and then

over all k , we obtain

oo       „ oo . .

£ /    \Hk(bt¡>af)\wdp <C^2J2       \f\wdP <C     \f\wdp.
k=oJcQ' k=oijeskJl> Jg

This proves (5.9).

(5.10) can be proved similarly, using (5.5) instead of (5.6). With this we have

completed the proof of (i) => (ii).
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Proof of (ii) => (i). Suppose w satisfies the conditions in (ii). We first prove

(1.4) fox I = G andfox I = Jrk, k = 0,1,... , with p(I) < p(Gk)/2. Let
z > essinf/W, and Ez = {x £ I: w(x) < z}. Then p(Ez) > 0. Define

/ = Xe. ■ We have ||/||i >u> < zpiEz) < oo. Applying the proofs of (4.4) and

(4.5) to this /, using (1.5) instead of (1.2), we get

jwdp<Cp(I)(jfdp\     J\fi\wdp<Cp(I)z.

Since this holds for any z > ess inf/ w , we have

——-     w dp < C ess inf w .
ß(I) Ji i

This proves (1.4) for / = G, and for / 6 J"k , k = 0, 1, ... , with p(I) <

piGk)/2. In particular, (1.4) holds for all cosets of Gk , k = 0, 1, ... .

For I £J*k, k = 0, I, ... , with /i(/) > piGk)/2, let I c x + Gk , x £ G.
Then

—--     w dp <    . - .   /       iuúÍíí < 2C ess inf w < 2C ess inf id .
pil) J, p(Gk) Jx+Gk x+Gk I

This proves (ii) =s» (i) and concludes the proof of Theorem 1.2.
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