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WEIGHTED NORM INEQUALITIES
FOR VILENKIN-FOURIER SERIES

WO-SANG YOUNG

ABSTRACT. Let S,f be the nth partial sum of the Vilenkin-Fourier series of
f€L'. For 1 < p < oo, we characterize all weight functions w such that
if f€ LP(w), Snf convergesto f in LP(w). We also determine all weight
functions w such that {S,} is uniformly of weak type (1, 1) with respect to
w.

1. INTRODUCTION

The Vilenkin-Fourier series is a generalization of the Walsh-Fourier series.
While the Walsh functions are characters of the countable direct product of
groups of order 2, the Vilenkin system consists of characters of G =[], Z,,,
a direct product of cyclic groups of order p;, where p; is any integer > 2. In
this paper, there is no restriction on the orders {p;}.

Let u be the Haar measure on G normalized by u(G) = 1. We identify
G with the unit interval (0, 1) in the following manner. Let mo =1, my =
]'[f;’ol pi, k=1,2,.... We associate with each {x;} € G, 0 < x; < p;, the
point Y72, x,~m,.‘+‘1 € (0, 1). If we disregard the countable set of p;-rationals,
this mapping is one-one, onto and measure-preserving.

The characters of G are the finite products of an orthonormal system {¢;}
of functions on G, defined by ¢, (x) = exp(2mixy/px), x = {xx} € G, k =
0, 1, ... . To enumerate the finite products of {¢;}, we write each nonnegative
integer n as a finite sum, n = Y 7o oumy, with 0 < o < pi, and define
Xn = [lieo #* - The functions {x,} are the characters of G, and they form a
complete orthonormal system on G .

For feL!,let

n—1
S = [ F0 ae-0du),  n=12....
j=0

be the nth partial sum of the Vilenkin-Fourier series of f. In [10], we showed
thatfor fel?, 1<p< oo,

lim [ |S,f— flPdu=0.
nh—00 G
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In this paper, we identify, for 1 < p < oc, all weight functions w such that
for any f € LP(w), we have f € L' and

lim / |Snf = fPwdu=0.

n—oo G
(Here L?(w) denotes the space of measurable functions on G such that || f ||, v
= (o1 Pwdp)"? < )

In order to characterize these weight functions, we use the following notation.
Let {Gx} be the sequence of subgroups of G defined by

k-1 oo
Go=G, Ge=[J0}x][[Z. k=1,2,....
i=0 i=k

On the interval (0, 1), cosets of Gy are intervals of the form ( jm,:l,

G+DmYy, j=0,1,...,mg—1. For k =0,1,..., j=1,...,p,
let I;; be the set in G) that corresponds to the interval (0, jm,;ll). The col-
lection of all translates of [;; in G, forall j=1,...,p, k=0,1,...,is
denoted by .# . In other words, a set / belongs to .# if

(i) forsome xe G, k=0,1,..., I Cx+ Gy,

(ii) I is a union of cosets of Gy, and
(iii) if we consider x + Gy as a circle, / is an interval.
We shall call the sets in .# generalized intervals.
We say that w is a weight function on G if w is measurable and 0 <
w(x) < co. We shall exclude the trivial cases w =0 a.e. and w = oo a.e.
Our main results are as follows:

Theorem 1.1. Let w be a weight function on G and 1 < p < co. The following
statements are equivalent:

(i) w satisfies the A,(G) condition: there is a constant C such that for every
lers,

(1.1) (ﬁ/{wdu) (ﬁflw"/(’"”d,uy_l <C.

(i1) There is a constant C, depending only on w and p, such that for every
f € LP(w), we have f € L' and

(1.2) /|S,,f|”wdy§C/|f|”wdy, n=1,2,....
G G
(iii) For every f € LP(w), we have f € L' and

(1.3) lim/IS,,f—fV’wdp:O.
> JG

n—

For the case where the orders of cyclic groups are bounded, i.e., sup; p; < oo,
J. Gosselin [5] defined the A4, condition, 1 < p < oo, as the one where (1.1)
holds for all I that are cosets of G;, k =0, 1, ... . For this case, our 4,(G)
condition and his 4, condition are equivalent. This can be seen as follows.
Suppose w satisfies the 4, condition in [5], and I € .#. Then, for some
x€G,k=0,1,..., I Cx+Gy,and I is a union of cosets of Gy,;. It
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follows that u(I) > u(Gyyi) = py' 1(Gy) . Hence

(it o) (ot [0
<t (5 20) Gy L 98)

<C, if supp; < .
i

For the bounded order case, the implication (i) = (ii) in Theorem 1.1 is a
consequence of the result in [5]. For another proof, see [8].
We also have the following theorem for functions in L!(w).

Theorem 1.2. Let w be a weight function on G . The following statements are
equivalent:

(i) w satisfies the A,(G) condition: there is a constant C such that for every
le s,

1
1.4 ————/wa’ < Cessinfw,
(1.4) u(l) J; # 1

where essinf; w = inf{t > 0: u{x € I : w(x) < t} > 0}.
(ii) There is a constant C, depending only on w, such that for every f €
LY(w), we have f € L' and

(1.5) / wd,ugCy“/|f|wd,u, n=1,2,...,y>0.
{IS.f1>y} G

Our proofs of Theorems 1.1 and 1.2 consist of adapting the methods of Hunt,
Muckenhoupt, and Wheeden [6] and Cordoba and Fefferman [2] to Vilenkin-
Fourier series. We recall some properties of Vilenkin-Fourier series. Let S f =
ZSn(fxn) be the nth modified partial sum, n =1, 2, ... . It is shown in [8]
that if n =3 axmi, 0 <oy < py, then

(1.6) Spf = Z P
and
(LT Sem S0 = Mkf )éx (Z oh(x ) u(t).

(If o, =0, we interpret the sum on the right as zero.) S, ak m,J can be expressed
in terms of certain conjugate functions of f and f¢p*, which are defined as
follows. For f € L! and x = {x;} € G, let the kth conjugate function of f
be

1

(18)  Hf)=» £10) cot(m(x ~ 1)/pe) du(r)

u(Gy) /(x+Gk)n{xk #u}
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k=0,1,.... Then
S* = ak
0= s [ S0
| 1 o
(1.9) * §¢k (X)ﬂ(Gk) /(x+Gk)n{xk;£tk}f(t)¢k () du)

1 1 /
-5 t)du(t
2 lu(Gk) (x+Gr)N{xx £, } f( ) IU( )

+ i (x)Hi (fo*)(x) — iH f(x).

To estimate S; f, we have to deal simultaneously with the conjugate func-
tionsof f and f¢p*, k=0, 1,.... Inorder to do this, we make the following
changes in the proofs of [6 and 2]. In the proof of the weak type (1, 1) re-
sult, we modify the function b(¢) in the Calderon-Zygmund decomposition to
satisfy both [,bdu = 0 and [, b¢}*du = 0, where o) depends on I and
n . This modification of the Calderon-Zygmund decomposition was introduced
in [10]. In the proof of the strong type (p, p) result, the sharp function is
modified as follows: the mean value of f over I is replaced by a function
fr.n=A+B¢,** (ay dependingon I and n) that satisfies [,(f—/f;,»)du=0
and [;(f - f,n)¢3* du = 0. These modified sharp functions will be discussed
in §3.

Section 2 contains some properties of 4,(G). We also show that the A4,(G)
condition is necessary and sufficient for the L?(w)-boundedness of a Hardy-
Littlewood type maximal function that is appropriate for the study of Vilenkin-
Fourier series.

In §3 we introduce the modified sharp functions. We obtain estimates for the
modified sharp function of S} f in terms of the maximal function of f. We
also prove weighted norm inequalities relating the maximal function and sharp
functions.

The results in §§2 and 3 will be used in the proof of (i) = (ii) of Theorem
1.1. This implication together with the implications (ii) = (i)and (ii) < (iii)
are proved in §4.

Theorem 1.2 is proved in §5, with the implication (i) = (ii) based on a
modified Calderén-Zygmund decomposition lemma and Theorem 1.1.

In what follows, C will denote an absolute constant which may vary from
line to line.

2. THE CONDITION A,(G) AND THE HARDY-LITTLEWOOD MAXIMAL FUNCTION

The following notation will be used throughout this paper. We decompose
the collection ¥ of generalized intervals into disjoint subcollections in the
following manner. Let .“_; = {G}. For k =0, 1, ..., let % be the collection
of all 1 € .# such that I is a proper subset of a coset of Gy, and is a union
of cosets of Gy, . The collections % are disjoint, and ¥ = Jpo_, S -

For I € ¥, we define the set 3] € ¥ as follows. If I =G, let 3/ =G.
For 7€ %4, k=0,1,...,thereis x € G such that I C x + G,. If u(l) >
u(Gr)/3, let 31 = x + G If u(I) < u(Gy)/3, consider x + Gy as a circle.
Then I is an interval in this circle. Define 37 € % to be the interval in this
circle which contains / at its center and has measure u(37) = 3u(/). In all
cases, for I € .#, u(3I) <3u(l).
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The properties of weights in A4,(G) are analogous to the properties of those
that satisfy Muckenhoupt’s 4, condition. (See [1 and 4].)

If we A,(G), 1 <p<oo,then w and w~/?-D e L' Hence 0 < w < 00
a.e.and LP(w)C L'. Similarly, if w € 4,(G), then w € L' and essinfgw >
0. Hence 0 < w < oo a.e. and L'(w)cC L',

If weA,(G), 1 <p < oo, then Holder’s inequality implies that there is a
constant C such that for any I € ¥,

(2.1) /wd,usC/wd,u.
31 1

A basic property of 4,(G) weights is the reverse Holder inequality.

Lemma 2.1. Let w € Ay(G), 1 < p < oo. Then there exist s > 1 and a
constant C such that for any I € .7,

(st [ e) " <57 oo

The following two lemmas are consequences of the reverse Holder inequality.

Lemma 2.2. Suppose w € A,(G), 1 <p < oo. Then thereis 1 < q < p such
that w € A,(G).

We also observe that if w € 4,(G), 1 <p <oo,then w e 4,(G), p<g<
o0 .

Lemma 2.3. Suppose w € A,(G), 1 <p <oc. Givenany ¢ >0, thereis § >0
such that for any I € ¥, and any measurable E C I with u(E) < du(l), we
have [wdu<e [fwdu.

The proofs of Lemmas 2.1-2.3 are similar to those given in [1]. (See also
[41.)

We now define the Hardy-Littlewood maximal function that is appropriate
for the study of Vilenkin-Fourier series. For f € L!, let

1
Mf(0) = sup /, \fdu.

les

This maximal function was first introduced by P. Simon in [9]. He also showed
that the maximal operator is bounded in L?, 1 < p < oo, and is of weak type
(1, 1). Using the above properties of 4,(G) weights, we obtain the following
analogue of Muckenhoupt’s theorem [7].

Theorem 2.4. Let w be a weight function on G. For 1 < p < oo, the following
two statements are equivalent:

(i) w € 4,(G).

(i1) There is a constant C, depending only on w and p, such that for every
f€LP(w), we have f € L' and

[pywdpsc [ifpwdu.
G G

The following two statements are also equivalent:
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(iii) w € 4,(G).
(iv) There is a constant C, depending only on w, such that for every f €
LY (w), we have f € L' and

/ 'wduSCy‘l/Iflwdﬂ, y>0.
{Mf>y} G

Proof. The proof of this theorem follows the same lines as those in Mucken-
houpt [7] and Coifman and Fefferman [1]. (See also [4].) We shall only discuss
one modification which involves the generalized intervals.

To prove that the A,(G) condition is sufficient, suppose 1 < p < oo and
w € A,(G). It is enough to prove the weak type inequality

ey [ wdp<Cy [1fpuduy>0,  feLw).
(Mf>10y) G

The strong type inequality for 1 < p < oc then follows from Lemma 2.2 and
the Marcinkiewicz interpolation theorem.

To prove (2.2), we can assume that y > || f|;. (If y < | f]l;, Holder’s
inequality and the 4,(G) condition imply

/ wdp <yP|f | / wdp < Cy= / fPwdp.)
G G G

Apply the decomposition in [10], Lemma 2 to the function f and the value y
to obtain a sequence of disjoint generalized intervals {/;} such that

1
2.3 <——/ du <3y, i=1,2,...,
(2.3) V< W Ijlflu y J
and
(2.4) Ifx) <y forae x ¢ (JI;.
J

We shall show that

(2.5) {Mf>10y} c | J@3I).
J
Suppose x ¢ U;(31;). Let I € # such that x € I. Then

J1r1du= /m(U,.m fldu+ /mu,m fdu

< ;/m:,- \fldu+yu(I),

by (2.4). To estimate the second last term, suppose I N/; # & . From this and
the fact that I N¢(3I;) # @ (since it contains x), we have I; ¢ 3/. (If I; and
I belong to distinct _%’s, then, since they are not disjoint, one is a subset of
the other. From this it follows that I; Cc I C 3. If I; and I belong to the
same % , then they belong to the same coset of Gy, and we obtain I; C 37
from a geometric observation.) Hence, by (2.3),

Zj:/m, fldus< y) /1 fldp< Y 3yully)

L,c3r=% I;c31

< 3yu(3I) < 9yu(l).
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Therefore, for all such I, [;|f|du < 10yu(I), and we have {Mf > 10y} C
U;315).

The rest of the proof of (2.2) then follows as in the above references, using
(2.1), (2.3) and the A4,(G) condition. This concludes the proof of Theorem
2.4.

3. THE SHARP FUNCTIONS

In this section, we introduce a sequence of sharp functions {f¥}, which will
be used to prove (i) = (ii) of Theorem 1.1. Our sharp functions are modi-
fications of that in Fefferman and Stein [3]. Before we define these modified
sharp functions, we first introduce the functions f; , which take the place of
the mean value of f over I in the original sharp function.

Let n be a nonnegative integer expressed in the form n = Y .2, axmy,
0<ay<pi. For I € .# and f € L', define f; , as follows. If I = G,
let fn=[;fdu. For e %, k=0,1,...,let f; , be a function of the

form f; n(x) = ar n(f) + br a(f)¢;*(x), where ar »(f) and by .(f) are
constants, such that

(3.1) [ fdu= [ findn
and
(3.2) [ 1 an= [ g du.

If I is not a coset of Gy, and if oy #0, then |(u(I))~' [, ¢7*du| # 1, and
the choice for a; ,(f) and by ,(f) is unique. (See [10, pp. 315-316].) If I
is a coset of Gy, orif a, =0, then ¢, *(x) is a constant in /. In this case,
we define a; »(f) = (u(I)~' [, fdu, and b; »(f)=0. For n =0, 1,

f € L', define the nth sharp function as

IE
The functions f; , and f have the following properties.

Lemma 3.1. There is a constant C such that forany f € L', I € ., n =
0,1,..., we have

a0 < /Ifldu, xel.
Proof. The proof is the same as that for (25) in [10]. See [10, pp. 315-316].

In the following, we shall set a_; = 0 for the sake of convenience.

Lemma 3.2. There is a constant C such that for any constants A and B, we
have

(3.3) /Ilf—fz,nlduSC/IIf—A—B¢;“*Id/1,
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forall feL', n=Y32aumy, 0< oy <py,and € %, k=-1,0,1,....

Proof. We observe that if I is a coset of G, k =0,1,...,0rif I € %,
k=0,1,... and o, =0, then ¢_*(x) is constant in /. In these cases, we
may assume B = 0. (3.3) holds with C =2 since f; » = (u(I))™" [, fdu.

Now, suppose I € %, k=0,1,..., I isnotacoset of Gi,;,and a; #0.
Then

/If—fz,nlduS/lf—A—qu;""ldu
1 1
+/I|(a1,,.(f)—A)+(b1,n(f>—B)¢;“*|du.
By (3.1) and (3.2),
/I(f—A—B¢;"*)d#=/I{(a1,n(f)—A)+(b1,n(f)—B)¢;"*}dﬂ
and
/I(f—A—B¢,:°‘*)du=/I{(a,,nm—A>+(b,,n(f)—B>¢,:°*}¢:* dy.

Therefore, by the uniqueness of the coefficients, we have

(f—A—-Bo, " )1,n=(ar,n(f)—A)+ (br n(f)— B)p ™.
It then follows from Lemma 3.1 that

/, (ar.a(f) = A) + (br.n(f) - B)$r™|ds
- /Il(f— A~ B, | dp
<c [ir-a-Bodn.

This proves Lemma 3.2.

For feL, 1<r<oo,let

.09 s (55 [ 74w)

les

We have the following pointwise estimate concerning the nth sharp function of
the nth modified partial sum S; f.

Theorem 3.3. Let 1 < r < co. There is a constant C, depending only on r,
such that forany felL', n=1,2,...,

S:f R x)<CM, f(x), x€G.

Proof. Let x € G,and n =Y. qaxmi, 0 <oy < py. From Lemma 3.2, it is
sufficient to show that forany I € %4, k=-1,0,1, ..., with x € I, there
exist constants 4 and B (dependingon I, n and f) such that
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1 * _ “'ak
(3.4) 7 /, 1S5S — A— Bé™|du < CM,f(x),

where C depends only on r.
Suppose I € %, k=-1,0,1,...,with x e I. Let f = fi + fo, where
fi = fx3r. Then S f =S;fi +S;f,. By Theorem 1* of [10], we have

%/”S;fﬂduﬁ (u_(lﬂ/GlS':ﬁlrd”)mgC(ﬂ—(ll—)-/Gmrd#)Ur

(3.5) ; "
<c (m /3 1 Ifl’du) < CM,f(x).

For I =G, f, =0, and (3.4) follows with 4 = B =0. From now on, we can
assume k > 0.
To estimate S} />, let ¢ be a fixed pointin I, and y € I. By (1.6) we have

Spf2(v) = Spfalc) = Z{ Sam J2(0) = S m, S2(€)} -

Expand each term on the right according to (1.7). For / > k+1, y+ G, and
¢+ G, are subsets of I. Therefore f; vanishes in these cosets. For 0 </ <k,
y + G; =c + G, . Hence

Spf(y) = Spf2(¢)

ikl

a—1
¢ (c—1t) (Zd){ c—t)} u(t).

Now, forany t € G, y —t and ¢ —t belong to the same coset of G;, for any
0<1<k. Since ¢, is constant on each coset of G;,;, [ =0, 1, ..., we have
é1(y —t) = ¢i(c—t), 0<I <k~ 1. Therefore all integrals on the right vanish
except for the term with / = k. We thus have

(3.6) Snfo(y) = S5.12(¢) = g m, S2(0) = Sam, S2(€) -

The constants 4 and B are defined in terms of the conjugate functions (see
(1.8)). Let 4 = S; f2(c) — ig, " (c)Hi (28 )(c) and B = iH(f26;*)(c). For
y € I, it follows from (3.6) that
(3.7)

Sph(y) = A= Bo ™ (v) = Sam, S2(¥) = Seym, S2(C)
+ i () Hi (S0 )(€) — i ™ (v) Hi (2 *)(c) -
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Using (1.9), we express the right side as a sum of the following terms:
Qg
B = | A0 du()
l #(Gr) Y+G)M{ye=t} o
T /
#(Gk) (c+G)N{ck=t }
1

1
Ey= =¢ % y)—/
2 2¢k ( 1(Gi) Jy+60n et
1 1

(3:8) - zu(Gk) /(J’+Gk)n{yk#tk} S )

1 0 1 /

—_— C)———
2¢k ( )ﬂ(Gk) (c+Gi)N{ci#ti }
1 1

LN . / A du(),
2160 Jeropniennny M
Ey = i¢, “(W){He(29,)(v) — Hi(f29*)(0)},
Ey = —i{H /,(y) — H f2()}
We shall show that E, = 0, and each of |E,|, |E3| and |E4| is dominated by
CMf(x), and hence by CM, f(x). (3.4) will then follow from (3.5), (3.7),
(3.8) and these estimates.
Since f; vanishes in I, and hence in (y + G;) N {yx = &} and (c + Gx)N
{ck =t,}, we have E; =0.
Next, the absolute value of each of the terms in E; is bounded by

(2u(G))™! / fldu.

x+Gy
Therefore |E;| < 2M f(x).
To estimate E3, we observe that for y e I,

HURI0) = 3y [ T8 @) eottm(vi = 50/ dn()

L) du(t),

Lk (n)dul)

L)1) du(?)

#(Gr)

since f, =0 in 37 and (y + Gx) N {yx # tx} O (x + Gx) N<(3I). A similar
expression holds for Hy(f,¢;*)(c) . Hence :

|E3| = |Hi (207)(¥) — H (/29 (0)]

11 (Vi — )
) u(Gy) /(x+Gk)nc(31) ol cot( Pk )
—cot (F—(—f’fv—_t—'—‘))‘ du(t).
k

Let 3411 =3(3/1), j=1,2,.... If 31 # x + Gy, write (x + G;)N¢(3I) =
U/Z (x + Ge) N (37+11\3/1) , where J = min{j > 1: 3/] = x + G} . Now, for
1<j<J-1and te(x+G)NB+N\VI),

cot (%ﬂ) — cot (n(ckpk— tk))‘

sin (n(ykp—;ck)) / {sin (n(y,;—k—tk)) sin (n(Ckp—k_tk))H

< Cu(Nu(Gr)/(u(3711))? < C37 u(Gy) /u(37'T).

(3.9)
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Substituting these into (3.9), we obtain

N S
|E3| < CZ 3_1m /31+11 |f(6) du(t)
j=1

J-1
<CY 3IMS(x) < CMS(x).
j=1
The same argument shows that |E4| < CM f(x). This completes the proof
of Theorem 3.3.

We have the following weighted norm inequality relating the maximal func-
tion and the sharp functions.

Theorem 3.4. Let 1 < p < oo, w € Ay(G). There is a constant C, depending
only on p and w, such that for any f e LP(w), n=0,1,...,

(3.10) /G<Mf>”wdusC/G<f;*>Pwdu+c(/G|f|du)p/owdu.

Proof. Let f € LP(w). We observe that w € 4,(G) implies that f € L!.
Let yo = ||f|l and n be a nonnegative integer. For any y > yo, apply the
decomposition in [10, Lemma 2] to the function f and the value y to obtain
a sequence of disjoint generalized intervals {/;};>; such that

1
3.11 <——/ du <3y, i=1,2,...,
(3.11) y e 1j|f| u< 3y J

and
Ifx)| <y forae x ¢ |JI;.
J

From Lemma 3.1, there is a constant 4 > 1, independent of f, such that
forany e *,n=0,1,...,

A
(3.12) a0l € 7o [1f1du, xel.

Since y < 4A4y , the above decomposition applied to f and the value 44y gives
a sequence of disjoint generalized intervals {I;;}; j>i such that {J;I;; C [,
j=1,2,...,

1
3.13 44y < ——— du <124y, i j=1,2,...,
(3.13) y () IUIfI u< 124y J

and
|f(x)| < 44y forae. x ¢ | JI;.
iJ
Let 6 > 0 be a constant whose value is to be chosen later. For each I;, there
are two possibilities.

Case 1. I; C {f¥ >dAy}. Then

Z wdug/ wdu.

i I
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Case2. I; ¢ {f¥ > JAy}. Then
7

— — f1. nldu<déAy.

#(IJ) [Jlf fI,,nl ,u— y

Hence

(3.14) 5Ayu(lf)zz(/lvlfldu—/lv_lfz,.,nldu).

By (3.13), we have
/1 |f1du > 44yu(l;)).

Also, from (3.12) and (3.11), we have, for x € I;; C I},
i, (0] < AQ(I)™! /, fldu <34y,

Hence
/1 |f1,,nldu < 34yu(ly) .
ij

Substituting these estimates into (3.14), we obtain

u (U Iu) <ou(ly).

]

For ¢ > 0 to be chosen later, let § be the value that associates with & in
Lemma 2.3. Then

> | wdu<e | wdp.
IJ

i
Summing over all I; in Cases 1 and 2, we obtain
Z wd/zs/ wdu+s/ wdu.
i 7 {f¥>d4y} Uj I

Now, from (2.5), we have {Mf > 404y} C U; ;(31ij). Hence, by (2.1),
there is a constant B such that

/ wd,uSBE/ wdu.

Also, J;I; c {M f > y}. Therefore, for y > yo, we have
JjtJ

wdu<B wd,u+Ba/ wdu.
{M[f>y}

Multiply both sides of the above inequality by py”~! and integrate over y €
[¥0, 00) . We obtain

o0
pl y! / wdudy
Yo {M f>404y}

< B(6A)™P / (fYwdu + Be / (MfYwdy.
G G

/{M >404y} {fr>o4y}
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» P
P/Oy”_l/ wdudy < (/ |f|d/1) /wd,u.
0 {Mf>404y} G G

Therefore, we have
[ rywan < B0y [ (rwdn
G G

+ Bs(40A)p/(Mf)”'w du
G

+ (404)P (/{}lf]d,u)p/awdu.

Since f € LP(w) and w € A,(G), we have M f € LP(w), by Theorem 2.4.
Choosing ¢ = (2B) 1(404)~7, we obtain (3.10). This completes the proof of
Theorem 3.4.

Also,

4. PROOF OF THEOREM 1.1
We shall prove Theorem 1.1 by showing (i) & (ii) < (iii) .

Proof of (i) = (ii). Suppose w € A,(G). We have LP(w) C L'. It is sufficient
to prove (1.2) with S, replaced by S;;. Let f € LP(w). We observe that
Sxf € LP(w), since for x € G,

Si/I<n [ 1fldu<n ( [irru du)l/p ( / w"/("'”du>l_l/p ,

by Hélder’s inequality. Therefore, using the 4,(G) condition, we have
[isirrwduscn [ ifpwdn <.
G G
We now apply Theorem 3.4 to the function S f to get

/ 12 Pw dy < / (M(S3f)Pwdp
1)

<c/ (S2f Pwdu+C(/|S*f|du) /wdu

Since w € A4,(G), Lemma 2.2 shows there is 1 < r < p such that w €
Ap;r(G). Hence |f|" € LP/"(w) c L', and it follows from Theorem 3.3 and
Theorem 2.4 that

/ (2 ) Pwdpu < C / (M,fYPwdu
G G
-C /G (MIfPrwdu < C /G [ Pwdu.

Also, by Theorem 1* of [10],

[1if1dus (/G|S;:f|'du)”' <c (/Glfl’d,u)l/r .

(4.1)

(4.2)
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Therefore, Holder’s inequality gives

([1sir1dn) [ wan
(4.3) <C (/G |f Pw d#) (/Gw—l/(n/r—l)a"u>p/r_l </Gw d,u)

SC/IfI”wdu,
G

since w € A,/,(G). Substituting (4.2) and (4.3) into (4.1), we obtain

/ 1S3/ Pwdu < C / \fPwdp.
G G

This completes the proof of (i) = (i1).
Proof of (ii) = (i). Suppose w satisfies (ii). As a consequence of LP(w) C L',
we have w=1/?=D ¢ L' (Otherwise, w='/? ¢ L? , where 1/p+1/p' = 1.
Hence there exists g € L? such that gw~'? ¢ L', contradicting gw~!/? €
LP(w).) Therefore [|w=Y/@=D|p , =|w=1/-D|; < 0.

To prove (1.1) for I = G, let f=w~Y®=Y  Then, for x € G, S, f(x) =
£l = lw="@=D|; > 0, otherwise we have w = oo a.e. Hence, for every
0<y<|flh, it follows from (1.2) that

/wdu= wd/tSCy‘”/lfl"wdu.
G Sif>y} G
Thus

(4.4) /GwdusC</Gfdu)_p/G|f|"wdu,
and hence
([rar) () <

Next, consider / € %, k=0, 1,.... We can assume [jw~"/?=Ddu>0,
or else there is nothing to prove. First let us assume u(l) < u(Gy)/2. Take
ay = [1(Gy)/(2u(I))], where [a] is the largest integer less than or equal to a.
We have oy > 1. Let f=w~Y®-Dy,. From (1.7), we have, for x € G,

ay—1
Soume f(X) = G) / 1) (Z o (x )du(z)

_ 1 (o= 1)/2 sin(moy (Xx — t)/Pk)
G J 0o = O g k0

Hence
¢ ‘/2<x)sakmk<f¢“* D2)(x)
Gk /f Sln(ﬂak Xk — tk)/pk) dﬂ([)

sin(7 (xx — t)/Pk)

Since for x,tel,

sin(mag(u — 1)/pe) o 200 o #(Gy)

sin(7 (X — &)/ Pk) n T 2ru(l)’
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we have, for x € I,
—(ax—1)/2 (ax—1)/2 1
3RS (£8P0 2 5 [ A0 au),
Therefore, for any 0 <y < (2nu(l))™' [, fdu,
I {28 om (f™ ) >y}
Thus, by (1.2),

/wd,u S/ ., wdu
1 {1Sagm (S8 )5y}

k

<Cyr / AP dy
G

—Cy / fPwdu.
1

It follows that

(4.5) [wdu < canuny ( / fdu> ’ [irpwdn,

and hence
(/deu) (/lw—l/(p—l)du>p_l < C(u(h).

We have thus proved (1.1) for I =G, and for I € %4, k=0,1,..., with
u(I) < u(Gy)/2. In particular, since for k =1, 2, ... , every coset of Gy is in
Fi—1 and u(Gy) < u(Gr_1)/2, (1.1) holds for all cosets of Gy, k=0,1,....

Forthecase I € %, k=0,1,..., u(l) > u(Gy)/2, assume I C x + Gy,

x € G. Then
p—1
(foos) (f-r01)
I 1
p—1
([ w0 ([, =0
x+Gy x+Gy

< C(u(G))P < C22(u(D)) .
This completes the proof of (ii) = (i).

Before we prove (ii) < (iii), we introduce the following notation. For k =
0,1,...,let % be the og-algebra generated by the cosets of G, . We also say
that a function /' belongs to %, or f € %, if f is measurable with respect
to F .

Proof of (ii) = (iii). Let f € LP(w). Since (ii) = (i), we have w € L'.
Therefore, given ¢ > 0, there is g € % for some k =0, 1, ..., such that
lf - gllp.w <é&. Now, for n > my, S,g = g. Hence, for all such n,

180 = fllo,w S NSl = Mlp,w + 1528 = &llp,w + 18 = fllp,w
<Clf - gllp,w < Ce,

by (1.2). This proves (1.3).
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Proof of (iii) = (ii). We first show that w € L!. Let f € L?(w) such that f ¢
F forall k=0,1,.... (f can be obtained as follows. If w ¢ % for any
k=0,1,...,take f =w~P Otherwise w € % for some kK =0,1,....
Since w # oo a.e., there is a coset I of Gj such that w(x) = ¢ < oo for
x €1. Let f be any function not in % forall k=0, 1,..., f =0 outside
I and ||f]l, < c0.) For this f, f(n) = [;fX,du # 0 for infinitely many
n. But |f(m) [wlly”” = 1/ (M)xnllp,w = Sns1S = SaSf llp,w — 0 as n — oo by
(1.3). This shows w € L!.

From the proof of (ii) = (i), we know that w satisfies L?(w) C L! implies
that w—1/#-1 ¢ L' Therefore, forany n > 1, S, is a bounded operator from
LP(w) into itself, with norm not exceeding nfwll;/”lw="@=D)!="/?  Since,
by (1.3), sup, ||Snfllp,w < oo for every f € LP(w), (1.2) follows from the
uniform boundedness principle. The proof of Theorem 1.1 is now complete.

5. PROOF OF THEOREM 1.2

We shall prove the weak type (1, 1) result using Theorem 1.1 and the mod-
ified Calder6n-Zygmund decomposition lemma obtained in [10].

Proof of (i) = (ii). Suppose w € 4;(G). We have L'(w) c L'. It is sufficient
to prove (1.5) with S, replaced by S} . Let f e L'(w). If y <|f|:, then the
A,(G) condition gives

/ wdus(/wdu)y“/|f|dusCy“/Ifdeu.
{ISr f 1>y} G G G

Therefore we can restrict ourselves to y > || £l -
Let n = Y2 goumi, 0 < ay < pi. From Lemma 2 of [10], we obtain a
sequence of disjoint generalized intervals {/;} such that

1
5.1 <——/ du <3y, =1,2,...,
(5.1) V<o lefI p <3y J
and
(5.2) f(x) <y fora.e.x¢UIj§Q.

J

Moreover, there is a decomposition of /= g + b, with g, b € L!, such that

(5.3) g(x) = f(x) forx¢Q,
C
5.4 X 5———/ du, xel;, j=1,2,...,
(5.4) 1&g ()] i) 1,-|f| U s J
(5.5) bdu=0, j=1,2,...,
1
and
(5.6) b¢i"dﬂ=0 foralllje %, k=0,1,....
I

(The constant C in (5.4) is independent of f and y.)
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Since

/ wdug/ wd,u+/ wdu,
{IS3 f 1>y} {ISs gl>v/2} {ISzbl>y/2}

we shall show that each term on the right is bounded by Cy=!||f ||}, -
Because g € L™ C L*(w) and w € 4,(G) C A,(G), it follows from Theo-
rem 1.1 that

/ wdp < 4y‘2/ |SyglPwdu < Cy‘Z/ |gl*w dp
{1S; g1>y/2} G G
- ¢y ( [ tgPwdn+ Y [ 1giw dﬂ) .
cQ j j

[ 1stwan<y [ 1rwan.
Also, by (5.4), (5.1) and the 4,(G) condition,

/lj|g|2wdﬂ_<_( /|f|dﬂ) (/I_Wd#)SCy/I‘Iflwdu.

Substituting these estimates into (5.7), we obtain

/ wdusCy“/lflwdﬂ-
{IS7 gl>y/2} G

To estimate S;b, let Q* =J;(31;). From (2.1), (5.1) and the 4,(G) con-
dition, we have

/ wdysCZ/wd,u
Q-+ j I;

<CZ(/1UG'#) ( o) Ifldu>

<oy'y [1fwdn< oy [ifwdn,
J J

(5.7)

By (5.3) and (5.2),

Hence, it is sufficient to show that

(5.8) / wa’,uSCy"/lﬂwdu.
{x ¢ Q*:|Syb(x)|>y/2} G

To do this, we expand S;b as in (1.6) and (1.9). For x ¢ Q*, it follows
from (5.3), (5.5) and (5.6) that the first three terms in (1.9) vanish. (See the
explanation in [10, pp. 317-318].) Therefore, for x ¢ Q*, we have

_,Z{qsk“k VHi(bi*)(x) — Hich(x)}

(5.8) will be proved if we can show

(5.9) Z / s wdu< € [ |fwdn,
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and
(5.10) Z/ \Hiblw dy < C/ \flwdy.
k=0 "o ¢

Suppose x ¢ Q* . It follows from (1.8), (5.3), (5.5) and (5.6) that

Hy (bey*)(x)

x {cot (”—(x’;%;lk)) — cot (n(x’;—_t;‘))} du(t),
k

where ¢/ = {] }k>0 is any fixed point in /;. (See [10, p. 318].) Let I be any
coset of Gy . Fub1n1 s theorem gives

/ | Hi (b6 (0)|w(x) du(x
1NcQ*
IJEJi

- n(x, — t
. / COt <M> - COt _(..k—k)
1n<(31)) Pk Pk

From the proof of Theorem 3.3 (see the estimate of |E3;| below (3.9)), we
have, forany tel;, I, CcI, I; € %,

1 n(X =)\ m(xg — li)
u(I) /mc(zl,) COt( Dk ) COt( Pk )

Moreover, the last term does not exceed Cw(?) for a.e. t € I;, by the 4;(G)
condition. Therefore

TP

e

NI'—

w(x)du(x)du(t).

w(x)du(x) < CMw(t).

(5.11) / |He (bpgt)lwdp < C ) /lblwdu
neQ Lcr V1
1ej;

Writing b = f — g, using (5.4) and the 4,(G) condition again, we get

/lj|b|wdu§/1j|f|wd;t+ (%m/hlfldu) (/ijdu)
sC/ljlflwdu-

Substituting this into (5.11), and summing over all cosets I of Gi, and then
over all k, we obtain

kZO/Q H(bgwdu< CY S [vwausc [irwan.

k=01;€%

This proves (5.9).
(5.10) can be proved similarly, using (5.5) instead of (5.6). With this we have
completed the proof of (i) = (ii).
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Proof of (ii) = (i). Suppose w satisfies the conditions in (ii). We first prove
(1.4) for I = G and for I = %, k=0,1, ..., with u(I) < u(Gy)/2. Let
z > essinf;w, and E;, = {x € I: w(x) < z}. Then wu(E,;) > 0. Define
S =xe.. Wehave ||fl; v < zu(E;) < co. Applying the proofs of (4.4) and
(4.5) to this f, using (1.5) instead of (1.2), we get

-1
Jwauscun)([ran)  [irwdu < cums.
Since this holds for any z > essinf; w, we have

1 / .
—— [ wdu < Cessinfw.
) J; =
This proves (1.4) for I = G, and for [ € %4, k =0,1,..., with u(I) <
u(Gy)/2. In particular, (1.4) holds for all cosets of G, , k=0, 1,....

For Ie %, k=0,1,...,with u(l) > u(Gy)/2,let ICx+Gy, xeG.
Then

1 / 2 / . ‘ .
— wdu < —— wdu <2Cessinfw < 2Cessinfw .
uD) ), E UG Jeyg S TS ST

This proves (ii) = (i) and concludes the proof of Theorem 1.2.
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